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1 Introduction

The Riemann hypothesis proposed by Bernhard Riemann (1859) is a conjecture that
the Riemann zeta function,
> 1

=% 1)
has nontrivial complex zeros with real part 1/2, which is important for its connection
with the distribution of prime numbers. Some mathematicians consider the hypothesis
as one of the most important unsolved problem in pure mathematics. One interesting
and prominent idea related to physics goes back to Pdlya and Hilbert, where they
suggested that perhaps the imaginary part €, of the Riemann zeros s,, = %—i—ien are the
eigenvalues of a quantum mechanical Hamiltonian[1]. This idea maybe nearly empty,
unless there exist some Hamiltonian that can intrinsically explain why the real part of
the Riemann zeros is 1/2.

In 1999 Berry, Keating and Connes [2][3][4] suggested that a spectral realization of
the Riemann zeros could be achieved by quantizing the classical Hamiltonian Hgx = xp,
where z and p are the position and momentum of a particle moving in one dimension.
The connection between xp and Riemann zeros relies on the regularization schemes.
Berry and Keating regularized the model by introducing the Planck cell in phase space
with sides I, and [, and area [,l, = 27h, such that |z| > [, and |p| > [,. The number
of states Npk (), with an energy below £ (¢ > 1) is given semiclassically by

1 re/lp e/x
Npk(e) = 7 dx dp. (2)
lo Iy
The result is e
N =—(n-—-1)+1. 3
si(e) = S(ins — 1) + 8
Taking into account a Maslov phase —1/8,[2] Berry and Keating obtain the formula
€ € 7
N =—(n——-1)+ . 4
prc(e) = o lin— — 1) + ¢ ()

where the energy is measured in units 7 = 1. Surprisingly, Eq.(4) coincides asymtoti-
cally with the smooth part of the Riemann formula [5],

€

= o (lni — 1) + z + 0(1) + Nosc(€)> (5)

2 8

in the critical strip, i.e. 0 < Re(s) < 1,0 < Im(s) < &, where the oscillatory part of
Ng(e) is given by

NR(€)

Nose(e) = 71r Im {in C(; +ig)} = o(lne) (6)

To quantize the zp model, Berry and Keating used the Hamiltonian [2]

HBK = ;(iﬂf)‘Fﬁm) = —Z(.’L‘f + *), (7>
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where x belongs to the real line and p = —id/dzx is the momentum operator. If z is
restricted to the positive half-line, then Eq.(7) is equivalent to

Hpi = Vapy/z. (8)

The eigenfunctions, with eigenvalue e, are given by

vele) = o= a7 H, (9)

where the normalization constant is obtained by using the Dirac’s delta function. There
is something interesting in Eq.(9) that deserves to be noticed. If x and p under the
scale transformation, i.e. © — Kz, p — K !p, with K > 0. If the transformation is
taken using K = n, where n is an integer, then

S —L *%Jrisoo 1 _L f%+ie 1_-
Ye(x) — nglz/zg(nx) v x ngl T o x C(2 i€). (10)

One gets the Riemann zeros ¢,, as Eq.10 vanishes.

The Berry-Keating p model was revisited in 2011 in terms of classical Hamiltonian
H = z(p+1/p) whose quantizations contain the smooth approximation of the Riemann
zeros. [6][7] Then, using the generalized reformulation of the Hamiltonian H = U(z)p+
V(x)/p),[8][9] the Hamiltonian H = x(p + 1/p) was shown to be equivalent to the
massive Dirac equation on 1 4 1 Rindler spacetime, that is the natural arena to study
accelerated observers and the Hawking radiation in black holes and the corresponding
temperature.

2 Dirac Fermion on 1+ 1 Rindler Spacetime

The 1+ 1 dimensional Minkowski spacetime is defined by a pair of coordinates (z°, z1),
and the line element
ds* = n,,da"dz”, (11)

where ngg = —1, 11 = 1, o1 = Mo = 0. We use the units of the speed of light ¢ = 1.
Applying the coordinate transformation to the Minkowski spacetime
2% = zsinh(t), z' = zcosh(t), (12)
the induced metric becomes
ds* = dz* — 22dt?, (13)

where z and ¢ are the Rindler space and time coordinates respectively[10][11] Let us
consider an observer whose world line is given by (12), with z = [ > 0, which is a
constant value. The proper time 7 measured by the observer is defined by ds? = —dr2.
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The relation to ¢ follows from (13) is 7 = [t.The observer’s trajectory (12), written in
terms of its proper time, reads

2" = Isinh(7/1), z' = lcosh(t/l), (14)
Define a constant proper acceleration a as the Minkowski norm of the vector

Azt

1
po_ -
PRI I

, (15)

m _ 2 _
a a, = —a, a=

In this approach to a spectral realization of the Riemann zeros, the observer is chosen
to have an acceleration a = 1/I. To study the dynamics of a Dirac fermion, let use a
representation of the Dirac’s gamma matrices in the 1 4 1 dimensions,[12][13][14]

V=0l At =—io?, =% =07 (16)

where o'(i = 1,2,3) are the Pauli matrices. v satisfy the Clifford algebra
("= 2 (9% =0, pr=0,L (17)

The Dirac fermion ) is a two component spinor

where wl are the hermitian conjugate of 1. v° defines the chirality of the fermions.
The fields ¢+ are the chiral components of 1, 7’9+ = F1.. Now introducing the light
cone z* and its derivatives 0y = 9/0xF

vt = 2%+t =tz (19)
0y — ;(ao Loy = j:;ej”(ﬁz 4 iat). (20)

Under a Lorentz transformation with boost parameter (, i.e. the velocity v = tanh(,
the light cone coordinates, its derivatives and the Dirac spinors transform as

et Tt 0y — ey, Y — ey, (21)
and the Rindler coordinates transform as
t—=t—(¢ z—z (22)

Hence if we define the spinor
Xt = ey, (23)

then y4 remain invariant under the Lorentz transformation.



25

The action of a Dirac fermion with mass m is

o /V fero (24)
_ /V dotde{plogy + %bi@_wf;n(wim ole) )

_ /jo dt/loo dz{x (8, + z0. + ;)X_ (8 — 0. ;)X+
+imz(x"xs + xIx)} o)

V' has a boundary 0V corresponding to the worldline z = [ > 0. The action principle
applied to the expression of (26) gives the Dirac equation

1
(O £ 20, + 5))@ +imzy+ =0, (27)

and the boundary condition

XD 00 (1) = XL (1 0)0x (1, 1) (28)

for any ¢. The equation (27) can be rewritten as the Rindler Hamiltonian Hp,

i0x = Hrx, X = ( X ) , (29)
X+
| —i(z0.+3) mz o

Hp = ( me Z(Zaz + %) = \/Epz\/zaz +mzoy, (30)

where p, = —i0/0z, is the momentum operator associated to the radial coordinate z.
The operator

1 1
Vapz = i(zﬁz +p.2) = —i(z0z + 5) (31)

coincides with the quantization of the classical xp Hamiltonian, H BK, proposed by
Berry and Keating, where x is the radial Rindler coordinate. Thus Hpg consists of
two copies of H BK, with different signs corresponding to opposite chiralities that are
coupled by the mass term. Besides of these, since the Hamiltonian Hp is hermitian and
the boundary condition (28), x+ and x_ have the relation [13]

X+ = —iex_ (32)

at the boundary z = [. The quantity —ie? has the physical meaning of the phase shift
produced by the reflection of the fermion with the boundary.

The eigenvalues and the eigenvectors of the Hamiltonian Hp, are given by the solu-
tions of the Schodinger equation

Hrix=Ex xi(zt)=ePfi(z), z>1 (33)
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that satisfy the boundary condition (32). The equations for fi(z) that follows from
Eq.(30) are

1
(20, + 3 +iFE)fy Fimzfy =0. (34)
These two coupled equations will lead to the second order differential equations
0? 0 1
2 2 _
[z@JrzE—(Q:I:zE) —m?2?|fy =0, (35)

whose general solution is a linear combination of the modified Bessel functions
fi(z) = cleﬂ”/‘lK%ﬂE(mz) + 026¢i”/4[%ﬂE(mz). (36)

The phase e¥™/4 follows from (34). If we take E = i/2 for convenience, the second term
of the right-hand side of Eq.(36) diverges exponentially as z — oo, ; this will force the
constant co = 0. Setting ¢; = 1, one has

[i(2) = KL g (m2), (37)
which yields the eigenfunctions
Xa(,) = BT (m), (39)
Plugging (38) into (32) yields the equation for the eigenenergies
—K1_ip(ml) + K1 ;5(ml) = 0. (39)

Choosing 6 = 7 and using the asymptotic behavior of modified Bessel function

/ 2E 2F
K1+2E ml _> 1/2 WE/2( ) ) <4O>

mle

for ' > 1, one gets

2K
Ky ig(ml) + Ki_jp(ml) =0 — cos[E(ln%)] =0. (41)
The number of eigenvalues N(E) in the interval [0, E] is given in the asymptotic limit

E > ml by

N(B) ~ f(znan Syl (42)

This expression agrees asymtotically with the smooth part of the Riemann formula (5),
with the identifications

E:§,7m:2m (43)
with which (42) becomes
€ 1
N —(In— —1 44
@~ S(ng -1 (44)

However, the constant term 7/8 in Eq.(5) is not reproduced in this case.
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3 Dirac Fermion on 3+ 1 Rindler Spacetime

The 3 + 1 dimensional Minkowski spacetime is defined by the line element

ds® = n,,dz'dz”, (45)

where z# = (2° 2%, 2%, 23) and the metric with signature (—1,1,1,1). Applying the

coordinate transformation to the Minkowski spacetime

3 1 2

2% = zsinh(t), 2= zcosh(t), z'=z 2° =y, (46)

the metric becomes the Rindler’s metric
ds® = da® + dy® + dz* — 22dt*. (47)
The Dirac equation on this spacetime is
YV 0 4+ itmap = 0, (48)
where the spinor covariant derivative
VEY = 0% + i, =~y (49)

We introduce the orthonormal frame with the vierbein e, then

e Whe = Whe, €7, VHh = V. (50)

The orthonormal basis is
el =dr, e =dy, e =dz, ¢ =uzdt, (51)
e* = e dat. (52)

The spin connection coefficients wj.,. are introduced by
de” +wi e” N et = 0. (53)

The nonzero connection coefficients are

—_

Wgs = _wgo = o (54)

Defining the spin connection one-form w?, by the first Cartan’s structure equation
de® 4w N eb =0, (55)

the only nonzero one-form connection is

1
wly = = €°. (56)
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Defining the curvature 2-form by the second Cartan’s structure equation
R = dw®, + w?, AW, (57)

the only component of the curvature 2-form is

1 1
R = duw’; = —?63 A+ ;e?’ Ae’ = 0. (58)

The Rindler spacetime is locally flat. The Dirac equation (48) now becomes
1
Y0 + 70yt +7°[0.4 + 5]
1 :
—i—;'yoﬁtw +imip =0 (59)
Choosing the Dirac representation 7 = fa’, 4 = 3, with

ﬂ_<0_1>7 a_<o.i 0)7 Z_17273‘ (60)

To find the solutions of (59), the four-spinor is decomposed into two smaller two-spinor

¢=<£), (61)

then (59) splits into the Pauli-like equations

1

U-8x+03% = 06+ mo, (62)
1

0‘-8¢—|—03§; = —gatx—mx. (63)

where o - 9 = 005 + 020, + ¢°9,. One can find the positive energy stationary states
¢(x) = d(x)e ™, x(x) = U(x)e ™, (64)

and (62) and (63) turns into

o E
c-0P+0*— = i~V -—mVU, (65)
27, z
U E
o0V +o°— = i—®+md. (66)
27, z

Substituting
¢ =:"f(x), W=2"gx), (67)
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into (65) and (66), we have the form

E? 9 E

Af+ [; +m)f = 13979, (68)
E? FE

Ag + [? +m?g = —z’;a‘gf, (69)

where A = 92 + 02 4 07. Taking the sum F = f 4 g and the difference G = f — g, (68)
and (69) decouple into

kB E?
B E?
DG =o' G+ [y +mlG = 0. (71)

Consider the planar momentum states and the 2-spinor structure

e ( F.(2) ) eilthsathyy) G — ( G (2) > elkarthyy) (72)

F_(z2) G_(2)
and thus
_ L F +Gy i(kyx+kyy) _ L F -Gy i(kez+kyy)
f_2(R+G_»3 9T\ -6 ) ’ (73)
one ends up with the following equations
d*Fy o w(wxi)
d22 + [—)\ + T]Fi = 0, (74)
d*G w(w F 1)
—— [N+ )G =0 75
e+ e e, o, (75)

where \? = k2 + kg — m?. The solutions can be expressed in terms of the modified
Bessel functions

Fi(z) = \/EK%—iE(AZ)v (76)
F_(z) = \/ZK%+1‘E()‘Z>' (77)

From (74) and (75), it can be seen that the pairs Fy,G_ and F_, G, fulfill the same
equation respectively. The functions must satisfy the proportion relations

G+ - C_;,_F_, G_ = C_F+. <78)
The proportional constants ¢, and c_ can be derived from (68), (69), and (73),

c, =+ie ™ = Fie?. (79)
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The overall 4-spinor solution is

' Fo(2)+ie F (2
_ e"ETﬁ F (z)— iei‘?F+(z)
Vz 2| Fi(z) —ie™F_(z

F (2)+ieF,(2)

)
)

w ei(kzm+kyy)7 (80)

where N is the normalization constant. When 1 vanishes at z = [ and choosing ¢ = 7,
we can obtain the equation
K%—iE()‘l) + K%-&-iE()‘l) =0. (81)
Now with .
E = 5, Al = 27T, <82)

then the number of eigenvalues N(FE) in the interval [0, E] given in the asymptotic limit
E> M is

N(E) ~ %(lni —1) (83)

This expression also agrees asymtotically with the smooth part of the Riemann formula

(5).

4 Discussions

It is very interesting to find that the massive Dirac fermion on 3+ 1 Rindler spacetime,
not only in the 1 4+ 1 dimensional case, is also related to the Riemann zeros problem.
This is by no means the final story. There must be a deeper origin for the relationship
of the spectrum of the Dirac theory and the Riemann zeros. The discussions about the
oscillatory part Nos.(¢) of the Riemann formula by the Dirac theory are rare. It will be
interesting to explore whether there exists a generalized Dirac theory that relates to the
zeros of the L-functions, Dirichlet L-functions, or related to the generalized Riemann
hypothesis.
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