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Abstract

As an exercise, the curvature tensors of a family of spherically symmetric nonabelian
Kauza-Klein Wu-Yang-like dyons in the (4+3N)-dimensional space-times are calcul ated.
The four-dimensional part of these dyonic metrics are the Schwarzschild black hole metric.
A series of three-dimensional spherical coor-dinate systems are used, and the metric admits
N copies of the SO(3) Killing vectors. Two di erent methods are employed in this paper.
The stress-energy tensor of the Yang-Mills field in Einstein equation is derived from Ricci
tensor automatically, not put by hand from outside. The Ricci scalar curvature R van-ishes.
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1 Introduction

The well-known Gross-Perry-Sorkin solution [1] [2] in five-dimensional Kaluza-Klein
(KK) theory is the smplest KK magnetic monopole solution associated with U(1) abelian
group. For non-abelian Kaluza-Klein theories, it is notorious for calculating their curvature
tensors. As an exercise, the curvature tensors of a family of spherically symmetric
nonabelian Kaluza-Klein Wu-Yang-like dyons in the (4+3N)-dimensional spacetimes are
calculated, where N is a positive integer. The Wu-Yang monopole means that it is a
spherically symmetric point-like monopole without Dirac string.

Two different methods are employed in this paper. Apart from by calculating the
Christoffel symbols, one then obtains the Ricci tensors and the scalar curvature, an al-
ternative method by using the orthonormal frame [6] and Cartan’s structure equations, the
components of the Ricci tensor are obtained via the a ne spin connection one-form is also
used. The results from these two different approaches are coincident.

Suppose the line element of the Kaluza-Klein theory [7] in (4 + 3N) dimensions can be
written as

d3® = gapdztdz® (1)
Qm,(il,‘)d.f{?'ud.f{?v + Vmn (y)(dym + B;n d:{?#)(dyﬂ + B;/Zd{LV) (2)

where r parametrizes four-dimensional spacetimes, y parametrizes extra dimensions.
We use A, B, C... indices to represent the total spacetimes; p,v,p... to represent the
four-dimensional spacetimes; m,n,l... to represent the extra dimensions, m,n,l... =
1,2...,3N. g,, is only a function of z, and 7,,, is only a function of y. The metric
tensor is

— g;w g;m
Jap = — — (3)
Q L Q mn
_ .gltu/ + Yrmn B;TIB:} BL“ Ymn (4)
- o~ Bn i~ ?
Imn+y fmmn
while the inverse metric tensor is
— [ — (4T
gAB — .g .g ( 5)
Iy Smn
g q

iy N sl
= ( gm Av . 9 varz A ) . (6)
—B'g /™" + BY'Byg
B' cannot be identified as the Yang-Mills field. To extract the true Yang-Mills field,
one has to introduce the Killing vectors

La = _EC;H ama (7)

which generate a Lie algebra,

[La! Lb] = 'ifcbeC? (8)


mailto:sllou@thu.edu.tw

17

associated with some symmetry. a,b,c... are the gauge group indices. fS, are the
structure constants of a Lie algebra. There is no need to differentiate between the
lower and upper indices for the gauge groups. Inserting L, of (7) into equation (8), one
gets the Killing's equation

Ca OmGy' — G Omq = —FaCl- (9)
With these Killing vectors, one can define
=G A (10)
where A}, is the true Yang-Mills field and (* is only a function of y.

The Christoffel symbols defined by the form,

1
Tip=59

-

P04 Gpp + OB Gap — Op Gan), (11)

can be given more explicitly by

[, = T+ 50" mn(BIED + BIFD) + 20" e (B B + B BB
+ = g“"B;” B! B\ 9iymn, (12)
I = By, + 1(@,_3;}4@ By - %Av-m"aﬂ(BSB‘A.-,QI}. (13)
T = g0+ 30 BB + QJ“*B (sl B3 + 10 B), (14)
po = %gu-"a;.-,,fa,,iB + 39" 9miOn Bl + 20" Bt (15)
I = —BUT), +37"0u(Biw) — 57 -*"*axcs,mﬂ) (16)
i = - 53?9’\“(’?73&133 + "r’-nsafo ) — Bm M B3O, (17)
where
}:’:I’, = J,B"+ B:,U;B;:’ —(pev) (18)
- R, (19)
Fy, is the true field strength tensor of the Yang-Mills field,
F, = 0,A; —0,A] + fgcflﬁ Ay (20)

M, in (12) are the Christoffel symbols of the four-dimensional spacetimes, I'j, =
Eg‘“’\((')pﬂm + b‘ygﬂ;\ O\Gu) , while FL, in (17) are the Christoffel symbols of the extra

dimensions, I'; = 39 Y (O Yis + O Yns — Osymt)-
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2 SO(3) Kaluza-Klein Dyon

Now let us consider an ansétz of the spherically symmetric Kaluza-Klein dyonic
metric, admitting N copies of SO(3) Killing vectors, in (4+3N) dimensions. The line
element can be written as the form

dz? = — e¥dt® + e dr® + r2d6? + r*sin® 0do®
_'\‘I-
+ Y {(dRy + BF*?dzt)? + RY(dOy + BiFdat)?
k=1

+ R} sin® O, (ddy + B dat)?}. (21)

r,#,® are three coordinates of the ordinary three-dimensional spherical coordinate sys-
tem, (r,0,¢) = (z',2%,7%) = (2,22, 2%). Ry, Ok, P are three coordinates of the kth
three-dimensional spherical coordinate system in the extra dimensions, (Fy, g, ®) =
(z3hH2, 3hH3 F3RHL) = (y3RH2 43k43 3kt I and A are two functions of . We have
Goo = _ez‘P! g1 = e, g22 = r? g3z = 7% sin’ 9, V(3k+2)(3k+2) = 1 V(3k+3)(3k+3) = Rfi,
Vaktay@k ey = Ffsin® Oy

The gauge-field components of the Wu-Yang-like KK dyon are

1
§o= i Af=0, (22)

A? = —¢% A% =sind 6. (23)
AT A AT are just the spherical coordinate representation of the Wu-Yang monopole

field in the ordinary gauge theory of four-dimensional spacetimes. The index a is a
group index. 7%, 6, ¢* are the components of the unit vectors,

r = (sinfcoso, sinfsing, cosh), (24)
) = (cosBeosd, cosBsing, —sinb), (25)
o = ( —sing,  cosd, 0). (26)

The electric field with electric charge 1 of the KK dyon is
a 1, -
Fﬂl - r_z T, (2")

while the magnetic field with magnete charge 1 is

Fy, = —sinf 7. (28)
Since the relevant N copies of Killing vectors are

(L) i(—sin®d 0 cot O cos ® 0 ) (29)

. = —il— 8 — — COU L COS Ml 19 o

i " 56y TR,

(L) = —i(cosPy- - — cot O, Smd)k@:;k)’ (30)

0 _
(Lr)s = —il5)s (31)

Jd I
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which are just the generators of the kth SO(3) group, then one has

Gt =0, (32)
G = (B, (33)
1 .

Gt = ~sne; (OWa (34)

(f?k)a, (@;\)a ((i);‘.)a are the components of unit vectors of the kth three-dimensional
spherical coordinate system of the extra dimensions. It can be checked that above
three equations, (32) ~ (34), of (;" also satisfy the Killing equation (9). The fields B
in (10) can be rewritten as

Bt = 0, B" = 0, (35)
_— 1. . al 1 A
B[ik-f—d = Z . (I)k- B(..;'L-F-l — : P (;)I. (36)
r rsin Oy
L " A A LY 1 1 oy
B33 — 4. Dy, Bg"‘*‘l = - o - Oy, (37)
- sin O
e L . sinf - -
B¥+3 = sinfh.-&, B+ =_""7 §.o, (38)
B sin O,
The nonzero components of fl’; are
Fass _ Lo g, Forio L g, (39)
o r? o r?sin Oy '
=3k+3 . A 3 Fak4+d Sillg A~ A
. = —sinfr- o, Foih = ——— 1.0, 40
23 ’ 3 sin O, ! (40)
Because of the existence of the following identities:
V(3k44)(3k+4) 33k+383k+4 + V(3k+3)(3k+3) 83k+483k+3 =0, (41)
. , 1 ais .
V(BEA4)(3h+4) d3k+433]"+4 + §BSI"+3 03k+3*r'(3k+4)(3k+4) =0, (42}

our calculations can be simplified drastically. For example in (12) and (14), we can get
the simplified Christoffel symbols:

Do a 1 o m T m T ‘
F;w = F;u} + 59 A"J"mn (Bu -FS,\ + B;,a -E?,\)v (43)
_ 1 .

Fgw = 59‘0)\ ’]"ms]:;f,\ . (44)

Substituting these Christoffel symbols into the Ricci tensor,

Rpp = 9aTpp — 0pT 4 + TapThp — Tppllip. (45)
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During the lengthy calculations, one will use frequently the following identities:

Ogr = 9, é‘ekR;\ @;\ (46)
Do = —7, 9,05 = — Ry, (47)
Jer = sinf o d'kak:blllek (I;k, (48)
0,59 = cos# o 6¢.k(§k:c05®k (ﬁk, (49)
Béc,;) = —sinf 7 —cosh 6, (50)
f)‘@k(I;k = —sinBOy }?k—c-c:)s(%)k @;\ (51)
Fay + 0uby + bady = Ou, (52)
(Br)a(Br)o + (Ok)a(Or)s + (Pr)a(P)e = das. (53)

Fo = €anbhde,  (Ri)a = €are(O)s(Pr)e, (54)

9a - Ea.bc‘(.—'fl)b'ft’e (E)k)a:fabc((bk)b(Rk)m (SSJ

ba = Eanlye, (D1)0 = €ave(Bi)s(O)e, (56)
(0-0k) (6- D) — (B-Dp) (6-Op) = 7- Ry, (57)
(F-Op) (B-By) — (7 D) (A-O) = o Ry (58)

No summation is used for the index k. Substituting the four-dimensional part of these
dyonic metrics, i.e. the Schwarzschild black hole metric,

; Ts
Goo = —(l—?J, (59}
e
Jun = (1- ;r_) l! (GOJ

where 7 is the Schwarzschild radius, one then gets R, R, and almost R,,,, are equal
to zero except

— J_ R2 N 3 2 ;
R(H) = 2 Z{ - ();\ T‘ (I)k) }, (61)
— 2 _I\‘ A

Rll = ; UUR Z{ ?” ();\ I” <I)k)2}, (62)
_ Rz N

R22 — Z{ ()k (I’;\) }1 (63)

_ Rz in?0 X
Ry = ° Z{ COR)2 + (- D)) (64)
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So one has the Ricci scalar curvature,

R = §PRup (65)
= ¢" R+ g" R + ¢ Roy + ¢** Rz (66)
— 0. (67)

From the fields ]::’:, in (39) and (40), the components of the Ricci tensor, (61) ~ (64),

can be recast into the form,

n T (68}

_ T =af., T
wy — 59 fmn" o v3

Since the identity, '}*.m_n_.;)':‘:j;]:_ = 0, holds, the right-hand side of the equation (68) can

be identified as 87 times the stress-energy tensor of the Yang-Mills field,

_ _ _ -1 . -
_ 1 ! _ —aff . n 1
R, =811, 1, = 16:9 S ey (69)
Then the Einstein equation, R4z — ég__:i R = 87T, is satisfied, where some compo-

nents of T4 are zero, T)m =0 and T,,, = 0.

3 Orthonormal Frame

In this section, we provide an alternative method to check the results above mentioned.
Above al, it is easier to calculate the Ricci tensor for arbitrary N. Let us decompose the
metric into vielbeins as

GaB = Nap €468, a,b=0,1,2,3.5.6.7,..., (4 + 3N), (70)
where the 7, is a (44+3N)-dimensional flat Minkowski space metric,
Nap = diag(—1,1,1,1,1,1.1....) (71)
The inverse of ¢, is defined by
E; =ng g7 e’ (72)

which obeys

[=Tl=,l]

EA e =al, r;ﬁ'g EA EBB = B, (73)

a

%, is the matrix which transforms the coordinate basis dz* of the cotangent space
T¥(M) to an orthonormal basis of the same space T (M),

et = % dz’ (74)
The vielbein basis of the SO(3) KK dyonic metric can be written as

e = evdt, el =M dr, e =rdb, e* = rsinf do, (75)
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A — 4R, (76)
¥t = Ry(dOy + B dat), (77)
R = Risin®(ddy + Bﬁk“‘dw“), (78)

The affine spin connection one-form w%; are introduced by

de® +w Neb = 0 (79)
and the metricity condition
Wap = —Wha- (80)
The curvature 2-form is defined as
R% = dw® + w Aw = R%_;€° A e, (81)

Equations (79) and (80) are called Cartan’s structure equations. The components of the
curvature tensor have the relations,
Raﬁéé = _RE&E_ = _Raﬁ e — Ea lab- (82}
and satisfy the Bianchi identity,

Raﬁé& + Raéﬂa + Rﬁ-d_bé =0. (83J
The components of the a ne spin connection one-form w%- of the SO(3) KK dyon can be
written more explicitely as

'W'Ul — e 04 Z{ By e~V \ (f,k) e3ht+3 %e_‘l’_"\(f’(;)k) €3k+4}1 (84)
W, = 0, w03 =0, W 2 = 0, (85)
W gpy = %e_‘l’_“(f'(ﬁ;\,) el (86)
W s = —%e_‘l’_"‘ (7~ O) €, (87)
wh, = —%e_"\ e, (88)
w, = —%e_"\ e, w g =0, (89)
R R L (90)
P = e (6 (o1)

W, o= —lcot{? et + Z\:{& (7 - i’;\a) e — ﬁ (7 O) ey (92)
* T =t ' 2r2 o T
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w? shpy = 0, (93)
. Ry, ;
W 3143 5,27 k) e’ (94)
. R, . - . i
w? Shpd = —ﬁ(r O) e w33k+2 = 0, (95)
. R, A . Ry
W 3kt+3 = _ﬁ(’ - Py) € W 3t4 = 53 (7 @U (96)
. 1 .. | -
w3k+'23k+3 — _R_k t_:.33\+.3 W3R+§!\+4 Rk t3k+-L (9{)
S 1 A ] »
w3k+§k+4 = —R—kcot@;\ S . eV cotOy (- Oy) ¥ — —P_‘p (7 Ry) e”
1 1 N T P S
+—cot®),, (o @;\) e? + - (o‘ Ry) e — —cotOy (6 -0y) e
r r
1
—2(- Rk) el (98)
r
Bkt 3k k Bkt 3kt _ 3k _ i
W e =0 Ry =0 = O = 0 R =m0 e, =0 (R £ ’EL")
99)
The nonzero components of the curvature tensor are
Ry = e 20" - TN + ('I")QJ
N
. 3 Z R;‘ —E\Ir 2\{(_?; . @kJ2 + (f . (I)k)z}‘ (100)
= Ra: TR Y. ’ ’ 2 - & F F
Roy1(3k+3) 2—:2 e VTMNT A+ ;)("' D), (101)
_ R won v 2 _
Roiiarra) 2}" TN A+ D) ), (102)
_ NOR? .
Rors 2 g0 O O + (7 - D)), (103)
- 1 —T—Ass A -
Foi@en@resy = —5€ TR - D), (104)
5 I _
Royak+a)@hta) = _r—_ze_‘l A ek) (105)
Ry e = g e B 106
1(3k+3)(3k+4) = -;"'3& (7 - Ry), (106)
_
R0202 = ; 'I' 6_2\, (107)
" 2 x g o
Roniz = Z i © VMR OR) + (R )Y, (108)
_ R N
Ros@rys = o LS g ‘)‘\(i’ (I’L) (109)
D R F— 2N 7 A - -
Ron@kys = kU2 (r=Elg s (110)

273
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R[l:ll].’i
REIBI'Z

9033(3“3)
E’oss(skﬂ)
Ru(:;k+2)1(3k+3)
Rﬂ(3k+2)1(3k+4)
R:J( 3k+3)0(3k+3)
RO(3J.~+3)0(3M+3)
Rﬂ[:ik+3'}n(3k+-l)
ﬁﬂ[3k+3)0{3k’+-l)
RU{3A‘+3)1(3!:+2)
Rﬂ( 3k+3)1(3k+4)
Ri](3k+4)l](3k+4)
I_?{](:ik+-l}0{:m-'+-l)
Rﬂ( 3k+4)1(3k+2)
ﬁﬂ(:@k+:l)l(3k+3)
Riss

R 123(3k+3)
Rl23(3k+4)
Rizis

Rl32(3k+3)

(k # K

1 U'e2,
-

B g B2 (h b2
=X e ¢ THE O+ (- B0%),
_j_‘; V2 (5L D)),

% eI (L Oy

_2}7 VA By,

% e VA7 Op)
%e-zm-z.ﬁ(.,z_(ﬁk){

% =22 (5 $y) (7 - By,

Rf- 202005 . A (4. d
R IR )7 ),
_% 22 (7 Oy) (7 - By),

53 NG ),
_2:_2 VA Ry,
%E e~V (7. G2,
% eV (3)“_)(.;., (3),“,),
_2:._~2 e VA7 0y),
% e~ VA7 Ry),

l Ae 2

-

% e~ i - dy)
Eﬁ e Mr-0y),

l Ae™2A

.

—& e~ M- D)



Rizoanra)
Ry (3013)1(3k4+3)
R1(3k+3)1(3k’+3j
Ry (1431 (3k40)

Ry(sk43)1(30+4)
Rl(ak+3)23
Ri(ak+4)13k-+4)

Ry (3htayi(wi44)
Ry(aryay2s

RQSQS

R23(3k+2)(3k+3)
Rza(ak+3)(3k+4j
Ras(3h42)(3k44)
Ro3k+42)3(3k+3)
Rasktay3(ait)
R2(3k+3)2(3k+3j
Rz(ak+3j2(3k’+3j
R2(3k+3)2(3k+4)
R2(3k+3j2(3k’+4)
R2(3k+3)3(3k+2j

Raahra)a@hta)

B

R _/
53 ¢ (O,

44

44
R}

6_2\:[!—21'\ {?ﬁ . ‘i)k}Q:

RiRy oo, i i
g E_zqr—zx\(?a.(bk}(f"‘I’k’):

D 224 (7 - (@)k,)(-F . &)k):

4rd

Ry Ry
4t

Ry,

R? _
by . 2 21\{

drd

44

—tk e_A {?ﬁ . é)k):

_.{1 . 6—2;\) —

4 4

— —2— (7 (b’,‘)

1 n
2_ ( -Rk}a

_T_3 e —A (f’ * (:ﬂbk-):

G 65 ),

<O,

3
4

E_zqr—zz\(?a . (é)k)(-f . éhe):

ZRk {(F- 02 + (7~ 24)?),

— 1k (-6 - &),

_RkRk’ ( @;\;}{T k’):
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(132)
(133)
(134)
(135)
(136)
(137)
(138)
(139)
(140)

(141)

(142)
(143)
(144)
(145)
(146)
(147)
(148)
(149)
(150)
(151)

(152)
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Roiorayaakrs) = F (7 - Or)? (153)
_ R.Bw . oA .
Royrray(aw+a) = ;,: (7 - Op)(r - Op) (154)
_ 1 . ;
Roarqa)a@rtz) = 52 (7 O), (155)
_ 1 . _
Rogaryayaiees = —5,3 (- Rp) (156)
_ R} . . .
Raarv3)36rrs) = 4—; (7 <I)k)‘2, (157)
_ RiRv . . _
Raaiss)aai+s = ir: (7 @) (7 Pr), (158)
_ R? A .
Raaiqa)a@its) = —ad (- Op) (7 - D), (159)
_ R.Ry . - N2 ;
Rasriasary = — i.r: (7 Opr)(7 - Dy), (160)
D Bf» A A 82 1o
Rakrayaarrsy) = i Oy)". (161)
_ RipRy . o~ . A ;
Ryapqaya@i+4) i-r: (7-©Op)(r- ). (162)

We have tacitly omitted nearly one half of the nonzero components of the curvature tensor,
because of the relations in (82), for shorthand. Contracting the curvature tensor, one will
get the Ricci tensor

Ry =" Reuar (163)
Substituting the components of the dyonic metric,
e = 1-2 (164)
-
N = (11—, (165)

where 7 is the Schwarzschild radius, then we can obtain almost R, are zero except

1 X R?

Rw = —53 {0 O + (7 &)%), (166)
k=1

= J— -N-. fo " 2 2 - T 2 q o

Ry = +§Z-T—4{(?”'9k) + (7 Pw)" ) (167)
k=1

P 1 & Rﬁ L0 )2 s b2 |

Ry = _521_4 (7 ©Op)2 + (7 - &)}, (168)
k=1

_ TR e _

By = =53 0607 + (7 )} (169)
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Then one has the Riccl scalar curvature,

R = 7Ry (170)
= —Roo+ Ry + Ry + Ry (171)
= 0. (172)

From the fields .72’;, in (39) and (40), the components of the Ricci tensor, (166) ~ (169),

can also be recast into the form,

D, 1 v o—of3 ™m Tn { e
RaE = _aEa'u EB q 'J".r"m.n.-r;a-]'_;g- (lr'l?w)
or 1
Ry = =58 ymn FucF s (174)

2
Then the Einstein equation, Rap — é Ja sR = 87 Tap, is also satisfied.
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