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Abstract

Based on examples of the exact solutions of the two-dimensional Laplace’s equa-
tion, I derive the convolution formulas among the Poisson kernels associated with
given domains. These mathematical identities can be verified directly using the
residue theorem in the complex analysis. The interconnections of convolution for-

mulas for different domains are established via a conformal transformation.
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1 Introduction

It is well-known that the boundary-value problem of the Laplace’s equation
can be solved via a convolution formula of the Poisson kernel with a given

boundary data,

(r) = o ds Ko(7;7'(s)) - (7 (5))]r(s)co0- (1)

The explicit form of the Poisson kernel, Kq(7;7"), depends on the domain of
the solution, €2, and is independent of the boundary data. Consequently, we
can view the convolution formula, Eq.(1), as a linear map from the space of
admissible boundary datas to the harmonic function defined on 2. In addi-
tion, there is a natural composition rule among these linear maps associated
with the inclusions of domains (Qy C 4, 7 € int(Qq), 7 € 0 ):
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Ko, (7;7) :/ ds Ko, (757 (s)) - K, (7'(5); 7") |7 (s)co0s - (2)

In the following, Eq.(2) is referred to as a convolution formula of the Poisson
kernels, which is the main subject of this paper.
To be specific, I shall consider the solutions of the two-dimensional Laplace’s

equation subject to two types of boundary conditions:

e Case I:
In this case, we solve the Laplace’s equation, A®(z,y) = 0, defined on
the upper-half plane(UHP), Ho,

Hy = {(‘Tay) | r € R, yzo}? 6H2:{(xvy) | r € R, y:()}. (3)

The reduced Poisson kernel for H» is defined as

Gl =1 (2. (1)

™ x2+y2

The Poisson kernel for Hy (referred to as the UHP Poisson kernel) is
defined as

KHz(xay;évn) = (;HQ(IIj - £7y - 77) = % |:<x — g)y;ny — 77)2‘| : (5)

The Laplace’s equation on Hy admits a unique solution, if we specify a

boundary data, f(§) := ®(&,0), at IHo.

vy = [ e G(e— 6.y) S(6) = / e K (e €,0) J(45)

[0.9] —0o0

e Case II:
In this case, we solve the Laplace’s equation, AW(p, ¢) = 0, defined on a
disk with radius R, Ds.

Dy:={(p,¢) |0<p< R, —m < ¢ <}, (7)
and the boundary of D5 is a circle,
ODy = S'={(p,¢) | p=R, —m < ¢ <7} (8)

The Poisson kernel for D, (referred to as the disk Poisson kernel) is



defined as
R2 o p2
R? + p* — 2Rpcos(x — ¢)

Kp,(p; ¢ R, x) = l (9)

The Laplace’s equation on Dy admits a unique solution, if we specify a

boundary value, g(x) := V(R, x) at dDs.

U(p, ¢) = %/ﬂ dx Kp,(p,®; R, x) 9(x). (10)

—T

The crucial importance of the Poisson kernels, Eqs.(5),(9), of the Laplace’s

equation lies in the following properties:

(1) The Poisson kernels are fundamental solutions of the Laplace’s equation.

Case I: AKy, (z,y;€,n) == (024 9;) K, (z,y;&,n) =0, (11)

1 1
Case II: AKp,(p, ¢; R, x) == (83 + ;a,, + ;&i) Kp,(p,¢; R, x) = 0.
(12)

(2) The Poisson kernels approach to delta functions as the interior points

approach to the boundaries of the domains.

Casel:/ d¢ Kp,(x,y;&,m) =1, Zl/i_I};l7KH2(x7y;£7n):5(x_£)’ (13)

—0o0

Case IT : / dx Kpy(p, ¢ R, x) = 2m,  1im Kp,(p, ¢; R, x) = 2w6(¢ — x){(14)
p—

The purpose of this paper is to discuss another property of the Poisson
kernel, the convolution(evolution) property. This property is analogous to
the evolution property of the heat kernel, K7, of the thermal conduction

equation for a temperature distribution u(z,t),

Ou =alAu = u(z,t)= /OO d¢ Kp(z,t; &, 1) u(€, 1), (15)
1 o 2

KT(xat;SvT) = mexp l_%] ’ (16)

Kr(z, t;2,t") = /OO dy Kr(z, t;y,t') - Kp(y, t'; 2, t"). (17)

Similarly, the evolution operators, U(t, 1), of the Schrodinger equation for a



quantum state [¢(t)),

W) = Ut tolb(te)) = ho Ut i) = H-Ut,t),  (18)
o ti0.8) = o] exp |10 =] 1) (19)

obey the same composition rule,
Uz, t;z,t") = /OO dy Uz, t;y,t') - Uly, t's z,t"). (20)

Thus, even though we usually consider the input variables of the solutions
to the Laplace’s equation as spatial coordinates, it is suggestive that one can
identify one of the variables to be the "time” coordinate in the discussion of
the convolution property.

This paper is organized as follows: I firstly identify a mathematical equa-
tion for the convolution formula of the Poisson kernel on Hy. Then I verify this
identity based on direct computations in Sec.2. Similar discussions/computations
are repeated in Sec.3 for the case of disk geometry, Ds. In Sec.4, I establish
the connections between two geometries/equations based on a complex con-
formal transformation. This also leads to a more general type of convolution

formula associated with the disk geometry, the details of which are given in
App. A.

2 Poisson Kernel Associated with the Upper Half Plane (UHP)

2.1 Formulating the convolution formula on H,

To facilitate the discussion, it is useful to express the convolution formula

for the solutions of the Laplace’s equation on Hs in the following form,

D (29, y2) :/ dry K, (22, y2; 21, 71) (1, 01). (21)

o)

Similarly, by changing the coordinates, y; — 2, y2 — y3, we obtain

P(x3,y3) = / dxe Kp,(x3,ys; T2, y2) P(2,y2) (22)
o
= / dry Kp,(xs,y3;21,71) P(z1,91). (23)



Note that in Eqgs.(21), (23), we have assumed that the results of both convo-
lutions is independent of the choice of y1,y2. Now the convolution property

of the Poisson kernel becomes apparent if we compose Eqs.(21),(22):

(p(l’g,yg) = / daj? KH2(x37y3;x27y2) l/ dleHz(x%y?;xlayl)@(mlayl)]

—0o0 —0oQ

= / dzq l/ dflfzKH2($3,y3;$2,y2)KH2(fU2;y2;I1;Z/1)] Q(z1,11). (24)

—00 — 00
By comparing Eqgs.(23),(24), we conclude that the Poisson kernel must satisfy
the following identity:

e.9]

K, (x3,y3;201,y1) = / dxe K, (x3,ys3;T2,y2) - K, (22, y2;21,11).  (25)

—0o0

In this form, it is tempting to identify the y coordinate as a ”time” variable,

then the convolution formula looks just like an evolution identity.

2.2 Proof of the convolution formula on H,

One can prove the convolution formula, Eq.(25), using the trick of residue
theorem. To achieve this purpose, it is convenient to formulate the following

lemma (the proof is a straightforward computation).

Lemma 2.1.

[ eaeaiemes
E-E-aE-DE-D

271 1 1
- - = ) 26
(Z5) [e—ae=nt7=pe=s 20
Here we assume o, 3 € C, and Im(a), Im(8) > 0, &, B are complex conju-

gates of o and 3, respectively.

Now we introduce a convenient notation for simplifying the expressions,

T21 = T2 — T1 = —712, Y21 ' = Y2 — Y1 = —Y12. (27)

After substituting these notations into the definition of the Poisson kernel,

Eq.(5), we obtain an explicit form of the convolution formula, Eq.(25),



Theorem 2.2.

X0
K, (%3, ys3; 21, y1) =/ dzoy Kp,(xs,ys; 2, y2) - Ky (@9, Y25 21, y1)

—0o0

Y31 1 /OO Y32 Y21
v L, | (28)
x5 + y3 T J (235 + y3,) (23, + ¥31)

Here we assume the "time-ordering”, y1 < y2 < y3.

Proof. In order to apply lemma 2.1. to evaluate the integration over zy in

Eq.(28), we need to identify the poles of the integrand:
T3y + Y3 = 0 = 9 = 13 £ iys, T3 4 ys = 0= 19 = 1 £y, (29)

According to the assignment of time-ordering, y; < y» < y3, we identify the

parameters in Lemma 2.1 as follows.
o= T3+ ’iygz ﬁ =1+ iygl. (30)
The relevant combinations are

o — a = 21y3z, B — B = 2iya, (31)

a— 0 =31+ i(ys2 — y21), a— = x31 + 1Y31. (32)

Putting all ingredients together, we have

(33)
and setting & = o, we have
I Y32 * Y21
T /—oo o (23 + ¥3) (3, + 3,)
ys2 -y [ dg§
_ —. 34
e B 3

Then by Lemma 2.1. one obtains Eq.(28). O



3 Poisson Kernel Associated with a Disk Domain

3.1 Formulating the convolution formula on D,

In the case of a disk domain, the unique solution of the Laplace’s equation,
9? 10 1 02
AV = (L 122 29 Vype) =0, 35
(3/)2 pOp " p? 3¢2> () (35)
subject to the boundary condition, W(R, x) = f(x), can be expressed in terms

of the Poisson integral formula,
1 7T
U(p,¢) = %/ dx Kp,(p,¢; R, x)f(x), 0<p<R, (36)

where the Poisson kernel Kp,(p, ¢; R, x) is defined as

Kp,(p, ¢ R, x) == i ' 7
2Py P 11, R2+p2—2RpCOS<X_¢)

In order to illustrate the convolution property of the Poisson kernel, it is

helpful to recast the Poisson intergral formula, Eq.(36), as

¥(2) = / "o Kpy(2, 1)W(1), (38)

—T

where we have made a short-hand notation by using a single number to rep-

resent the polar coordinates of a point on the disk, that is,

1:= (p1,91), 2:= (p2, #2), 3:= (p3, P3)- (39)

By composing two Poisson integral formulas,

v = 5 [ by Kpy(3.2)0(2)

1 [ 1 [7
= o [ denKn2) |- [ dor Kn )|, @0
2 J_, 27 J_,
and the fact that the boundary-radius independence of the Poisson integral
formula,
1 s
V@) =5 [ doy Ko 310, (41)

we then deduce that the Poisson kernel must satisfy the following convolution



formula -

K31 = 5 [ don K, (3.2 Kn,2.1) (12)

—T

3.2 Proof of the convolution formula on D,

One way to evaluate the convolution formula, Eq.(42), is to employ the
contour integral technique in the complex analysis, and the residue theorem

reduces the computations into algebraic manipulations.

Firstly, we combine the polar coordinates (pg, ¢r) into complex variables:
2= pre'®, k=1,2,3, assuming that ps < pa < p1. (43)

One then show that Poisson kernel, Eq.(9), associated with a disk boundary

becomes
2 2
P1— P2
Kp, (2,1
(1) T+ p3 — 2p1pa cos(p2 — ¢1)
2121 — 2222 (P% - P%)(le2)

= (21 — 29)(21 — 22) - (21 — 22)(p32s — p221) (44)

Substituting the complex forms of the Poisson kernels to the convolution

d
formula, Eq.(42), and changing the integration variables, dgpy = ,—'22, I trans-

129
form the convolution formula into the following contour integral,

1 s
o | don K, (52K, (251)
™ —T

:(ﬁ—@@?m@ﬁ dz
|z2|=p2

27 22(20 — 21) (%2 — 21) (22 — 23) (%2 — 23)

(P2)12 : (02)23 2od 29

ol 53 yg B 2 2
T AE Jlzl=p (29 — 21) <22 — @) (22 — 23) <Z2 - @)

. (45)
21 Z3

Out of the four simple poles of the integrand, only two of them locate inside

2 2
the contour |z9| = py, which are zo = z3 and 29 = @ = p—gzl. By the residue
1 P
theorem we conclude that the contour integral is equal to
2\ (2 2
p )13 _(p Jas lRes(zg = z3) + Res <22 = p—gzl>1 . (46)
2123 P1

The evaluations of the residue is a straightforward computation. In the end,



we verify that the final result of Eq.(42) is equal to

pi—p3
(21— 23)(Z1 — Z3)

= Kp,(3;1). (47)

4 Conformal Mapping between two Poisson Kernels

4.1 Conformal transformations between two domains

In this section, I show that the Poisson kernels Eqgs.(5),(9), together with
their generalizations, associated with different boundary-value problems of
the Laplace’s equation can be related via a conformal transformation.

In order to simplify the notations, it is convenient to introduce two sets of
complex variables, z := x + iy € Hy and w := p - €® € Dy and the conformal

transformation mapping Hy to Ds is

w:f(z):(i_Z)R PN z:f_l(w):i<R_w>. (48)

1+ 2z R+w

Based on this definition, one can check the following facts:

e The conformal transformation of special points:

2=0 <<= w=R, z=%1 < w==4iR, z=200 < w=—-R, (49)

, . p+1iR
w=0<= z2=1, w=1ip &< 2z =- )

i+ R

e The conformal transformation maps boundary to boundary,

OHy ={y =0} <= 0Dy=S'"={p=R}, (51)
¢t = i;i = 1 =tan(4/2). (52)

e The concentric circles, p := |w| =const., in Dy are mapped to a family of
"floating bubbles” in H,, whose centers lie at (0, 0), with radii equal to

S

Y

R

2 (P)2: (1 —2)(=i—2) S P (y—o) = (53)

b (i +2)(—i + 2)
Here we define the following symbols:

14+7r? R+ p? 2r 2Rp 9 9
0::1—7’2:R2—p2’ Sz:l—TQZRQ—py o —s"=1. (54)

(50)
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One can parametrize a floating bubble, Eq.(53), by an angle 6:
z(0) = s-sin(f), y(0) = c—s-cos(d) = 2(0)*+y(0)* = 20y(0)—1. (55)

The angle of the concentric circles, ¢, Eq.(52), in Dy is related to the
angle of the floating bubble, 0, Eq.(55), in Ha,

i0 5
i _ € T do _ 1—r _ 1 /ul
‘ 1 —ret? = dd (1 —re)(1 —re=) /y(0). (56)

e The y =const. parallel lines in Hy are mapped to a family of ”shrinking

balloons” inside Dy, whose centers lie at (7,0), with radii equal to ¢,

(1 — 2% —y?) + 2iz
2+ (y +1)2

w=:1u+iv= = (u—T1)° 402 =t (57)

Here we define the following symbols:

1 —1
o (L).R, = <_>-R, Tt = (y—>-R2 = —(1+27)R*.
y+1 y+1 y+1

(58)
One can parametrize a "shrinking balloon” by an angle ¢:

u(p) = THt-cos(p), v(p) =tsin(p) = u(p)*+v(p)?* = 2ru(p)+(14+27)R%
(59)
The x coordinates of the y = const. parallel lines in Hs, is related to the

angle of the shrinking balloon, ¢ in Do,

u 2(y+1) T t dx R
R T2t e (R+ )+<R>COS(“’) 7 dp u+R

(60)

4.2 Conformal transformation of the Poisson kernels

4.2.1 Conformal transformation of the disk Poisson kernels

In this subsection, we study the conformal transformations of the Poisson

kernels. To begin with, I compute the conformal transformation of the disk
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Poisson kernel, Eq.(9),

wiw —wawy [ f(z) P = [f(z2)
(w1 —wa)(wr —w2)  |f(21) = f22)?
y2(z121 + 1) — 1 (2222 + 1)'

Kp,(we = f(22), w1 = f(21)) =

61
P (61)
It is clear that the result is not equal to the UHF Poisson kernel on Ho,
Im(zz - Zl)
Kp, (w2 = f(22), w1 = f(21)) # Kn,(22,21) = Ta—aP (62)

For this reason, we need to define a more general disk Poisson kernel on the

complex plane, whose domain is a disk centered at ¢, with radius |, —(| = p1,

Q= {zl [z =l <m},

& — ¢ — & — ¢
ISEESI

Ka(&2,&15€) = where & € 082, & € int(Q).

(63)
Recalling that the floating bubble image of the conformal transformation,

Eq.(55), one can now verify the following statement:
Theorem 4.1.
Kp,(w2 = f(22), w1 = f(21)) dp1 = Ka(22, 21; ¢ = ioy) dbr.  (64)

Proof. Recall the Cartesian equation of the ”floating bubble”, Eqs.(53),(55),

we have

Y2(201y1) — y1(20292)

KD2(W2 = f(ZQ)a w1 = f(zl)) = |2’1 _ 2,2|2 (65)

On the other hand, the expression of the general disk Poisson kernel is

X ’21—2'0'1‘2—’22—&71‘2

K ; (= = 66
9(227'217 C 201) |Z1 _22|2 ( )

212 — |2 + 201(y2 — 1) 2(01 — 02)ye
2 o 2 (67)

|21 — 2| |21 — 2|

Finally, incorporating the relation between two measures of the contour inte-
grals, Eq.(56),
dér = (1/y1) db (68)

we show that the two sides of Eq.(64) are equal. O
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4.2.2 Conformal transformation of the UHP Poisson kernels

Similar analysis also applies to the conformal transformation of the UHP

Poisson kernel, where we have,

e £ - o - B )
1

= 2R |w1 - w2|2 [(UQ + R)(u% + 'U%) - (U1 + R)(u% + ’U%) + RQ(Ul — UQ)} , (69)

and one observes that

(uf +v7) — (u3 + v3)

w1 — wal?

TR, (22 = [ (w2), 21 = [ (w1)) # Kp, (w1, we) =
(70)

The correct correspondence, again, is given in terms of the general disk Pois-
son kernel associated with the "shrinking balloon”, weighted by the proper
measure, FEq.(60),

Theorem 4.2. The conformal image of the UHF Poisson kernel can be ez-

pressed as a general disk Poisson kernel.
1
K, (z = fH(w2), 21 = [ H(w1)) day = gy Ka(w2,wi; ¢ =11) dpr. (71

Proof. The general disk Poisson kernel associated with the ”shrinking bal-
loon”, Eq.(57), is

o= = we = (uf A+ of) = (uh +v3) — 27 (ug — ug)

Kaolw, wi; ¢ =m1) = =
( ) jwi — wal? jwi — wal?

(72)
Incorporating the relation between two measures of the contour integrals,

Eq.(60),
R

d
u + R 1

we show that the numerators of two sides of Eq.(71) are equal.

dl‘l = (73)

LH.S. (ug + R)(uf +v]) — (ug + R)(u3 +v3) + R*(ug —ug)  (74)
= R.H.S. [(u% +0?) — (ud + v3) — 21 (uy — us)] (u1 + R). (75)

]
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4.3 General convolution formula for disk Poisson kernels

It is a general feature that the Mobius transformation, e.g., Eq.(48), maps
a circle to a circle (It is natural to identify a straight line as a circle with an
infinite radius). In this subsection, I study a more general convolution for-
mula associated with the disk Poisson kernels based on these correspondences

between level curves on different domains.

We start with observing the common features of Eqs.(53),(57). In either
case, we have a sequence of ”inclusive circles”, where the circle of small radius
is completely contained inside the circle of larger radius. The crucial differ-
ence, as compared with the discussions in Sec.2, and Sec.3, is that these circles
may not be concentric. However, if we think more carefully, it is not necessary
that the regions (being a half plane in Hs or a disk in Ds) to have paralle
boundaries, what is relevant for the convolution formula is the inclusion of
domains, and the shape of the boundaries do not matter. Consequently, we
can now conjecture a more general convolution formula for the disk Poisson

kernels:

Theorem 4.3. The general disk Poisson kernels, Kq, , associated with disks

m’

Qun, satisfy the following integral identity,

Ko, (z3,215¢1) = / dpy Ka, (23, 22(92); C2) - Ka, (22(02), 215 C1) | s (s)co02 -

Q2
(76)
Here the disks €, with center at (,, and radius p,, is defined as
Q= {2m| 2m € C, |2 — (il < Pt (77)

and they obey the inclusion rule (the boundaries of different disk do not in-

tersect)
Qi & Qs if P < P (78)

Note that: (1) the discussions of Eqgs.(25),(42) in Sec.2 and Sec.3, now
become special cases of this more general formula. (2) the integral identity
implies that the R.H.S. of Eq.(76) is independent of the location of the center

G2
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4.4 Proof of the convolution formula for general disk Poisson kernels

To simplify the calculations, I define the following complex variables (in-

clusion of domains: Q9 C €2y),

2
21 € 891,21 ﬁé QQ, X =z — Cl = Plewla 21 = Cl + A (79)

21 — Cl
2
29 € 892, 29 € Ql, Z =29 — CQ = pgelm, 52 = Cg + %, (80)
2
23 € ’int(Qg) C int(Ql), 53 =23 — §2 = p362¢3, Z3 = CQ + 2 p3C (81)
37— L2

The general disk Poisson kernels can now be expressed in terms of the complex

notations:
21— G =z =GP piz— (22— () (Caz + pd)
Ko, (2,1) = = = 82
2(2 1) B RPN (PR R
|20 — G| — |23 — G)? (p3 — p3)z
Ko, (3,2) = = - . 83
2(,2 2 aal? Gt Y
dz

Together with integration measure, dpo = —, the R.H.S. of the convolution
1z

formula, Eq.(76), becomes,

) 5 — 3
— dga Ka, (23, 225 C2) - Kay (22, 215 C1) | o0, = 55 i
002 (II)

271' 005 27TZ
where  (I) := piz — (22 — C1)[Carz + p3],
and (1) := (22 — 21)[(&2 — 21)2 + p3) (22 — 23) (G2 — Z3)2 + p3).

The following new complex variables are useful to simplify the expression of

the integral,

zi=20—Co, &= — Qo §3= 23— (o (87)
(D) == piz—(2+Ca)(Cuz + p3), (88)
1) = (z—&) (&2 —p3)(z — &) (&2 — p3). (89)

Next, we need to identify the simple poles of the integrand, and it should
be clear that only the 2nd and the 3rd terms in (II) (the denominator of the
integrand) are relevant for the residue theorem. It takes some skills to simplify

the respective residues, and the details are provided in the App.A. Summing

, (84)
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both residues, Eqs.(94),(97), we obtain the final result of convolution integral,

2 2 P} B =GP -l -Gl
(r3—p3)- {Res. (Z = €_> + Res.(z = 53)] = 21 — 232

1

= Ko, (23, 215 C1)-
(90)

5 Summary and discussion

The main point of this paper is to formulate the convolution property of
the Poisson kernels of the Laplace’s equation in the UHP and disk domains.
Explicit mathematical identities of these convolution formulas, Eq.(25),(42),
are proved via the residue theorem in the complex analysis. The interconnec-
tions between these two boundary-value problems are clarified via a conformal
transformation, Eq.(48). This correspondence also motivates a more general

convolution formula for disk Poisson kernels, Eq.(76).

At the pedagogical level, this work shows that how geometric/physical ar-
guments can lead to non-trivial mathematical identities, and it also illustrates

the power of contour integral in dealing with complicated integrations.

There are several obvious generalizations of this work, which I hope to
make progress on. These include: (1) higher-dimensional generalizations of
the convolution formulas for the Poisson kernel of Laplace’s equations, at least
in the case of domains with special symmetry, (2) A general proof of these
mathematical identities for general domains. This may require the use of

Schwarz—Christoffel transformation and/or other mathematical techniques.

This work is in part supported by the MOST grant, 110-2112-M-029-006.
I would also like to thank the Department of Applied Physics for the support
of working space and huge white boards so the calculations in this work can

be done efficiently.
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A Computations of the residues for the disk Poisson kernel

A.1 Computations of the first residue

2
P2
=

1

To simplify the residue of the pole of the convolution integral at z =

Res lz /)2] [P%gl — (P% + §1C21) (& + 521)] (&3 — &) (91)

S| (03— &i&3) (M — G |6 — &>

we introduce the following notations

Wi=ps—&&, X=&+1=2—C, and Y =&+ = 23— (. (92)

The numerator of Eq.(91) is

pi&(&— &) — [+ &Y — &) X(& — &)
= —pilal® + pins — pips + pi&its
—pX (Y = X) + 66X (Y — X) —6Y X (& — &)
= pi(p—&al?) = piW — ;XY + p3 X|?
—&16s| X + |51|2XY
(R XYY (R 6 — (5~ X)W = (7 — X¥) (7~ 16 193)

then the residue, Eq.(91), is equal to

—- XY
: 94
W16 — &2 59
A.2 Computations of the second residue
To simplify the residue of the pole of the convolution integral at z = &3,
265 — (P8 + &C + 53— &
Res| — &] — (P36 — (03 + &Co) (& + )] (& — &) (95)

(03— &&) (B — 1) e —&PF

we recall the following notations,

W::/O%_glg?n X =+ @r=21—C, and Y =&+ (o1 = 23 — (1,
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then the numerator of Eq.(95) becomes

pi&s(& — &) — [+ &(X — )] Y (& — &)
= pil&l? = pips + pivs — pi&iés
—pY (Y = X) + &Y (Y — X) — EXY (& — &)
= —pi (03 — &%) + W
—p3|Y P + p3 XY + §&|Y )P — |&PXY
= (= +XY) (03— &) + (o = Y)W (96)

Consequently, the second residue, Eq.(95) is equal to

—p3 + XY N pi— Y|
W& —&12 (05— 6126 — &2




Tunghai Sciences Vol.23, 1-18
18 July, 2022

Poisson #% 2 f8fEMHE

o

HF RS B ES: AR

& ES

M —afE iy B e R RS RE e ) 5%, AR SCIRES AN A [ 5k Poissont% 2.
B EANX. BEESE ST EEUEH, o IEEEHE LIRSS, &
12, R FIEAE TR, BB A [ 182 Poisson iz L FEFE A .

Abstract:

Based on examples of the exact solutions of the two-dimensional Laplace’s
equation, I derive the convolution formulas among the Poisson kernels as-
sociated with given domains. These mathematical identities can be verified
directly using the residue theorem in the complex analysis. The intercon-
nections of convolution formulas for different domains are established via a

conformal transformation.
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