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� Mathematica��������	


���∗

����

� n,k���� (k > 1)�� Sn(k)�� k−1�	
�� n������������
� ( ����	 Jacques Bernoulli)������ !" Mathematica�#$�%&�'(
�)*+,�-./01��23 Sn(k)�4�56 :

Sn(k) =
1

n+1

n

∑
i=0

(
n+1

i

)
Bi kn+1−i ,

78 Bi � Bernoulli��

1 ���

�����������	��� :

110+210+310+ · · ·+100010

�� !"#$%�&' ,�()*+#�,-./01�����,-234
Mathematica556 ! 7+89:;<=>? Mathematica�@ABCD

MATHEMATICAEFGHI :

Sum[aˆ10,{a,1,1000}]

	JK�LMN! , Mathematica8OP�QR2 :

91409924241424243424241924242500

STUVW , UGXYZW ! [\./01�34)�]^ , _`a�bcd
MathematicaDefg�� Jacques Bernoulli (1654–1705)hi0jTklMKm��
"�� ,�./nWopq�34Kr ,s)Ei�t�u/
∗9:;���<
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:;vwxy ,� k−1������z{��z|E}��K]^ :

1+2+3+ · · ·+(k−1) =
1
2

k2− 1
2

k,

12 +22 +32 + · · ·+(k−1)2 =
1
3

k3− 1
2

k2 +
1
6

k,

13 +23 +33 + · · ·+(k−1)3 =
1
4

k4− 1
2

k3 +
1
4

k2.

s~`���2*+��"�]^�u/��T�B�&' ,N���K�� ,8
0j�������]^DG

S1 = 1+2+3+ · · ·+(k−1),

���K����\�� ,:;8)

S1 = (k−1)+(k−2)+(k−3)+ · · ·+1,

[�"q�������-���`! k,�j8)Ip��^

2S1 = k+k+k+ · · ·+k.

"��) k−1� k,�� S1 �]^�o8T:;��D

*+#�"�����!{��. ?"I��08�� ¡�WD*+¢./
£N¤ , ¥¦0j¤ , �jX§�¨©OP:; , 2¦¤�&'WD�ª¦¤«
¬ ,82��b®D���\�q�¯°±��{�² · · ·,

( j +1)2− j2 = 2 j +1.

³��-´ j = 0,1,2, · · · ,k−1� k��^�� ,�^�µ��¶K·¸¹ k2,º�
^�»�)q¼������o k� 1D�j:;)

k2 = 2[1+2+3+ · · ·+(k−1)]+k ·1,

±½·0`!
1+2+3+ · · ·+(k−1) =

1
2

k2− 1
2

k.

£¦¾¿ ,ÀÁ�(Â`UÃ�&Ä ,¥"2ÅÆ0jÇÈ£É����� (��
ÊoËÌ£�Í£ÎÏ& ,Ð)ÑÒ )DH�ÓÔ ,:;0jÕ½{���$% :

( j +1)3− j3 = 3 j2 +3 j +1.

Ñ#Ö ,��-´ j = 0,1,2, · · · ,k−1� k��^�� ,0`
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k3 = 3[12 +22 +32 + · · ·+(k−1)2]+3[1+2+3+ · · ·+(k−1)]+k ·1,

×?�p�����]^ ,ØÙ· ,:;)

12 +22 +32 + · · ·+(k−1)2 =
1
3

k3− 1
2

k2 +
1
6

k.

ÚÛ�� , 	�K·:;80j`! 110 + 210 + 310 + · · ·+ (k− 1)10 �]^ , G
k = 1001, Ü0`!ÝÞ . ¥Nß�àág= , ¬â�TklMKmãä , �s2
åæW Jacques BernoulliDçè+./�ç:;���2Í£ÎÏ�¢� , !�é
ê ,`ë¨���êì20jÇÈ£É ,¥UN¨íWî2ïð�H�./ñ·
:;[òóôD

Jacques BernoulliK�jõöNÑ ,T´i÷Jø���\ùú×��$% ,iNÊ
ûüº2Êýþÿ�i��)���������ç 1K n�g�^ Bn(x)�`

1n +2n +3n + · · ·+(k−1)n =
Z k

0
Bn(x)dx .

ES Jacques Bernoulli��� ,¸�b	
J���õ�80�)�Ds�)ò
S�K� ,�ë��Ipq�$%�

(a) 0ï����S�\���¬0j� Jacques Bernoulli./

(b) w��� ,op�Æ��"�g�^ Bn(x):;8�ç Bernoullig�^D�1
÷ Mathematica����S�\��"�g�^ Bn(x)u ?

G Sn(k)ç� k−1����� n���D:;���2 :

�� Sn(k)�]^ (N��2��]^º� )D

 �pe� Sn(k)�]^!N"#�E$^ç

Sn(k) =
1

n+1
kn+1− 1

2
kn +k(· · ·) , (1.1)

"82 Jacques Bernoulli����%!�DçWÅ&E$^�ÅH�!º' ´:
;�()�U�*+ (,-.e�/�8�Ï�0�]^ )!�j9:;g-.1
� Sn(k)�]^Cî
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2 �	
 ( Jacques Bernoulli�� )

MathematicaN��12�3�� ,45¬1267��D

(a) �ëT MathematicaBÆ�8� Sn(k) = S[n,k],�·9� S[n,k], n = 1,2,3, · · · ,10D

MATHEMATICAEFGHI :

S[n_,k_]:=Expand[ Sum[aˆn,{a,1,k-1}]]

ColumnForm[Table[{n,S[n,k]},{n,1,10}]]

(b) -.E$^0`!*+#�:;. ?

(c) ³� S[n,k]� k\	J ,-.E$^<H=. ?

MATHEMATICAEFGHI :

Table[{n,D[S[n,k],k]},{n,1,10}]//MatrixForm

(d) �¬0j� Jacques Bernoulliu ?

3 �	
������

S�� (a)�å�ÝÞHI :

{1, -k/2 + kˆ2/2}

{2, k/6 - kˆ2/2 + kˆ3/3}

{3, kˆ2/4 - kˆ3/2 + kˆ4/4}

{4, -k/30 + kˆ3/3 - kˆ4/2 + kˆ5/5}

{5, -kˆ2/12 + (5 kˆ4)/12 - kˆ5/2 + kˆ6/6}

{6, k/42 - kˆ3/6 + kˆ5/2 - kˆ6/2 + kˆ7/7}
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{7, kˆ2/12 - (7 kˆ4)/24 + (7 kˆ6)/12 - kˆ7/2 + kˆ8/8}

{8, -k/30 + (2 kˆ3)/9 - (7 kˆ5)/15 + (2 kˆ7)/3 - kˆ8/2 + kˆ9/9}

{9,(-3 kˆ2)/20 + kˆ4/2 - (7 kˆ6)/10 + (3 kˆ8)/4 - kˆ9/2 + kˆ10/10}

{10, (5 k)/66 - kˆ3/2 + kˆ5 - kˆ7 + (5 kˆ9)/6 - kˆ10/2 + kˆ11/11}

 �S� ,:;)Ipe�#> ( �Ü^ (1.1)�b?È�m@ )�

(a) Sn(k)ç� k� n+1�g�^!E����ç 1
n+1

!

(b) Sn(k)�A��ç 0,BÜ Sn(0) = 0!

(c) Sn(k)� kn �K��ç −1
2
D

wC�� , (a)õ (b)0DEºäIp�#>�Ho�F"82 Jacques Bernoulli��
��-.�\�D

#>� GT���������ç 1K n�g�^ Bn(x)�`

Sn(k) = 1n +2n +3n + · · ·+(k−1)n =
Z k

0
Bn(x)dx . (3.1)

*+��"�#>./EST�p�H!�Í£ÎÏK¢�I�JKL���M
ÿD5%�

( j +1)n− jn =
n−1

∑
i=0

(
n

i

)
j i .

��-´ j = 0,1,2, · · · ,k−1� k��^�� ,�^�µ��¶K·¸¹ kn,º�^
�»�;ç Si(k)�NOPD ,HI�Q�

kn =
n−1

∑
i=0

(
n

i

)
Si(k) .

�o^� nR×ç n+1,0`

kn+1 =
n

∑
i=0

(
n+1

i

)
Si(k) =

n−1

∑
i=0

(
n+1

i

)
Si(k)+(n+1)Sn(k) .

�j:;) Sn(k)��S]^HI�
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(n+1)Sn(k) = kn+1−
n−1

∑
i=0

(
n+1

i

)
Si(k) . (3.2)

T�"��S]^!U÷��VW�!w@X�:;80j��op�#>v2
�� ( �YZ��%%C !)![\]h"�#>ESv2Æ½D�j:;���
^T�ä :

�� Bn(k)�]^D

�%Ip�S� :

4 �	� (Bernoulli ��� Bn(x))

 Æ��o0j%� Bernoullig�^ÐÆ(_`Ip��^�Z k+1

k
Bn(x)dx= kn. (4.1)

aSo!�b=c±� n,GT���������ç 1K n�g�^_`"��
d^!ºEB� k0j2b=�� ( Nef´c±�º� )D

(a) ÷ MathematicaB67���g1 ,T�]^ (4.1)�� Bn(x),

n = 1,2,3, · · · ,10D

MATHEMATICAEFGHI :

B[n_,x_]:=Sum[B[i]*xˆi,{i,0,n-1}]+xˆn

poly[n_]:=Series[Integrate[B[n,x],{x,k,k+1}]-kˆn,{k,0,n}]

m=MatrixForm[Table[{sols=Solve[LogicalExpand[poly[i]==0]],

B[i,x]/.sols[[1]]}, {i,1,10}]]

(b) �h� Bn(x), n = 1,2,3, · · · ,10�i$D

MATHEMATICAEFGHI (jk Bn(x) = m[[1,n]][[2]] ):
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Plot[m[[1,1]][[2]],{x,-10,10}] Plot[m[[1,2]][[2]],{x,-10,10}]

Plot[m[[1,3]][[2]],{x,-10,10}] Plot[m[[1,4]][[2]],{x,-10,10}]

Plot[m[[1,5]][[2]],{x,-10,10}] Plot[m[[1,6]][[2]],{x,-10,10}]

Plot[m[[1,7]][[2]],{x,-10,10}] Plot[m[[1,8]][[2]],{x,-10,10}]

Plot[m[[1,9]][[2]],{x,-10,10}] Plot[m[[1,10]][[2]],{x,-10,10}]

À2lTÑ�m�{po

Plot[{m[[1,1]][[2]],m[[1,2]][[2]],m[[1,3]][[2]],

m[[1,4]][[2]],m[[1,5]][[2]],m[[1,6]][[2]],

m[[1,7]][[2]],m[[1,8]][[2]],m[[1,9]][[2]],

m[[1,10]][[2]]},{x,-10,10},

PlotStyle->{GrayLevel[0],GrayLevel[.5],RGBColor[0.5,0,0],

RGBColor[1,0,0],RGBColor[0,0.5,0],RGBColor[0,1,0],

RGBColor[0,0,0.5]}],RGBColor[0,0,1],

RGBColor[1,1,0],RGBColor[1,0,1]}]

(c)  "���Ài$ ,�1%��0 Bn(x)�]^u ?n"=T ?

5 �	�������

TS�éB!:;oLb �p1�g�^ Bn(x), n = 1,2, · · · ,10\p>E�0�
]^D5%�

B1(x) = x− 1
2
,

B2(x) = x2−x+
1
6
,

B3(x) = x3− 3
2

x2 +
1
2

x,

B4(x) = x4−2x3 +x2− 1
30

,

B5(x) = x5− 5
2

x4 +
5
3

x3− 1
6

x,

B6(x) = x6−3x5 +
5
2

x4− 1
2

x2 +
1
42

,

B7(x) = x7− 7
2

x6 +
7
2

x5− 7
6

x3 +
1
6

x,

B8(x) = x8−4x7 +
14
3

x6− 7
3

x4 +
2
3

x2− 1
30

,
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B9(x) = x9− 9
2

x8 +6x7− 21
5

x5−2x3− 3
10

x.

¥Nß E$^Ài$!ST2VWN�è+�q\D��:;s�)÷!b=
JøBrÚb�ÝÞ!�j:;Nsëtu-.�I]^ (4.1)!Eµv2 Bn(x)
TwÄ [k,k+1] �Æ
J ,»v;2 kn; �j0%ä2 k�8�Dxy	
Jz{
Æ½ ,:;)

Bn(k+1)−Bn(k) = nkn−1, (5.1)

��0`

[Bn(1)−Bn(0)]+ [Bn(2)−Bn(1)]+ · · ·+[Bn(k)−Bn(k−1)]

= n[0n−1 +1n−1 +2n−1 + · · ·+(k−1)n−1],

ØÙK·:;)

Bn(k)−Bn(0)
n

= Sn−1(k) =
Z k

0
Bn−1(x)dx. (5.2)

�j`!�|q� Bernoullig�^�}�HI :

Bn(x) = n
Z x

0
Bn−1(t)dt+Bn(0), (5.3)

"1~2 Bn(x) ����S]^D���p!�d^ (5.2)B�����^OP:
;Ip�]^ :

Sn(k) =
Bn+1(k)−Bn+1(0)

n+1
. (5.4)

 S�é:;�Ï

B9(x) = x9− 9
2

x8 +6x7− 21
5

x5 +2x3− 3
10

x,

HÞ:;`� B10(0) = 5
66,7+b� B10(x)¸�� B9(x)
J·�j 10,[�o 5

66 :

B10(x) = 10

(
1
10

x10− 1
2

x9 +
3
4

x8− 7
10

x6 +
1
2

x4− 3
20

x2
)

+
5
66

= x10−5x9 +
15
2

x8−7x6 +5x4− 3
2

x2 +
5
66

.

�jHÞ:;�Ïa�g�^ Bn(x)�A�� :

B1(0) =−1
2
, B2(0) =

1
6
, B3(0) = 0, · · · ,
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]^ (5.3)8H�W��ßÏ ,0j�������b� Bernoullig�^D"�A
�� Bn(0):;8�ç� n� Bernoulli� ,j67 Bn ?QK :

B1 =−1
2
, B2 =

1
6
, B3 = 0, B4 =− 1

30
· · · .

ES ,op���õ-.)��:;��!�������D�H:;ëN�ß
Bernoulli��3!,º�:;�@X`! Bernoullig�^ Bn(x)�]^D�%Ip
�S� :

6 �	� ( Bernoulli ��� Bn(x)��� )

s~`:;� B1(x)�´ x+B1 u ?�]^ (5.3)�ä

Bn(x) = n
Z x

0
Bn−1(t)dt+Bn . (6.1)

(a) T�]^ (6.1),�÷ Mathematica B1(x) = x+ B1 �� , ���� Bn(x), n =
1,2,3,4,5,���÷ Bernoulli�?QKD

MATHEMATICAEFGHI :

B1[x_]:=x+B 1

B2[x_]:=Expand[2*Integrate[B 1[t],{t,0,x}]+B 2]

B3[x_]:=Expand[3*Integrate[B 2[t],{t,0,x}]+B 3]

B4[x_]:=Expand[4*Integrate[B 3[t],{t,0,x}]+B 4]

B5[x_]:=Expand[5*Integrate[B 4[t],{t,0,x}]+B 5]

Print["B 1(x) = ", B 1[x]]

Print["B 2(x) = ", B 2[x]]

Print["B 3(x) = ", B 3[x]]

Print["B 4(x) = ", B 4[x]]

Print["B 5(x) = ", B 5[x]]

(b)  "��� ,�1%��0 Bn(x)�]^u ?

(c) ³÷ Bn \×� Bn ,�)è+��^. ?
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7 �	�������

^T�´����%���W!op�S�OP:;��� Bernoullig�^ç :

B1(x) = x+B1,

B2(x) = x2 +2B1x+B2,

B3(x) = x3 +3B1x2 +3B2x+B3,

B4(x) = x4 +4B1x3 +6B2x2 +4B3x+B4,

B5(x) = x5 +5B1x4 +10B2x3 +10B3x2 +5B4x+B5,

"�$^�%KIN82é�^Æ½u/�u-.;N�!8²7+���º
�!³�^B� Bi [ä Bi 78ãVâ�WDT�]^ (6.1)!U÷��VW�0
` Bn(x)�]^HI�

Bn(x) =
n

∑
i=0

(
n

i

)
Bi x

n−i . (7.1)

�]^ (5.4)õ]^ (7.1)DT�� ,:;�´`!�� Sn(k)�]^�

Sn(k) =
1

n+1

n

∑
i=0

(
n+1

i

)
Bi k

n+1−i

�]^B0 ]^ (3.1)õ]^ (7.1)��\!HI�Q�

Sn(k) =
Z k

0
Bn(x)dx

=
Z k

0

n

∑
i=0

(
n

i

)
Bi x

n−idx

=
n

∑
i=0

(
n

i

)
Bi kn+1−i

n+1− i

=
1

n+1

n

∑
i=0

(
n+1

i

)
Bi k

n+1−i .

¹I�$%82*+#��"� Bernoulli�DxyÆ�:;)�

Bn = Bn(0) = S′n(0).

T Sn(k)��S]^ (3.2)B!��^q�� k\	J!0`HI�
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(n+1)Bn(k) = (n+1)kn−
n−1

∑
i=0

(
n+1

i

)
Bi(k)

=⇒ (n+1)Bn(0) = (n+1)0n−
n−1

∑
i=0

(
n+1

i

)
Bi(0)

=⇒ (n+1)Bn =−
n−1

∑
i=0

(
n+1

i

)
Bi .

o^Ü Bernoulli���S]^D��S]^B0 �d^ (5.1)`!DT (5.1)B!
G k = 0,; Bn(1)−Bn(0) = 0�j)

Bn = Bn(0) = Bn(1) =
n

∑
i=0

(
n

i

)
Bi , (7.2)

��0`

Bn+1 =
n+1

∑
i=0

(
n+1

i

)
B j =

n

∑
i=0

(
n+1

i

)
Bi +Bn+1

⇐⇒
n

∑
i=0

(
n+1

i

)
Bi = 0

⇐⇒ (n+1)Bn =−
n−1

∑
i=0

(
n+1

i

)
Bi .

Ho�-.!�!$^o:;0� Bn(x),| Bn �]^�ä�

Bn(x) = (B+x)n, | Bn = (B+1)n,

[�»��é�^Æ½��4�^B�)� Bi v[ä Bi Ü`]^ (7.1)|]^
(7.2)!��  [1]D

8 �	� ( Bernoulli � Bn����� )

(a)  Bernoulli���S]^ ,o��d^\��

B1, B2, B3, · · · ,B24.

MATHEMATICAEFGHI :
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B[n_]:=- Sum[ Binomial[n+1,i]B[i]/(n+1) ,

{i,0,n-1}]; B[0]=1;

Table[{n,Expand[B[n]]},{n,10}]//MatrixForm

(b) -. Bernoulli� ,�� B2n+1 )�)b=#> ?

(c)  Sn(k)��S]^ (3.2),o��d^\��

S1(k), S2(k), S3(k), · · · ,S10(k).

MATHEMATICAG S[n] = Sn(k)!EFGHI :

S[n_]:= (kˆ(n+1) - Sum[ Binomial[n+1,i]S[i],

{i,0,n-1}])/(n+1); S[0]=k;

Table[{n,Expand[S[n]]},{n,10}]//MatrixForm

(d) Í£ÎÏ�¢�2ïH�FB�H!�UN¨í./)W Mathematica�H
þ!ûü�ºäýþÿ!�&ç./

9 �� (Bernoulli ��� ! )

 op���`� (B0 = 1)�

B1 =−1
2
, B2 =

1
6
, B3 = 0, B4 =− 1

30
, B5 = 0,

B6 =
1
42

, B7 = 0, B8 =− 1
30

, B9 = 0, B10 =
5
66

.

ES!Bernoulli��J�¡ B14��8(¢J£¤!º5¥\²¦¥¤D�� 
[4]K§?�!EB�9� B2, · · · ,B124� 62� Bernoulli�D^T9:;�! Bernoulli

��H=T�JkM����������	����D:;)

S10(k) =
1
11

10

∑
i=0

(
11

i

)
Bi k

11−i

=
1
11

(
k11+11B1k10+55B2k9 +330B4k7 +462B6k5 +165B8k3 +11B10k

)

=
1
11

k11− 1
2

k10+
5
6

k9−k7 +k5− 1
2

k3 +
5
66

k.
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�j0`

110+210+ · · ·+100010 = 1030+
1
11

1033− 1
2

1030+
5
6

1027−1021+1015− 1
2

109 +
5
66

103,

"¸2�Ù��¨��©$%º�D�%�

1 00000 00000 00000 00000 00000 00000.00

+90 90909 09090 90909 09090 90909 09090.90

- 50000 00000 00000 00000 00000 00000.00

+ 83 33333 33333 33333 33333 33333.33

- 10 00000 00000 00000 00000.00

+ 1 00000 00000 00000.00

- 5000 00000.00

+ 75.75

------------------------------------------

91 40992 42414 24243 42424 19242 42500

�JkM2ªª)«� (��  [2] K§¬ A)D

"#$%
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Exploring the Sums of Powers of Consecutive

Integers with Mathematica

Yuan-Yuan Shen∗

Abstract

Let n,k be positive integers (k > 1), and letSn(k) be the sum of then-th powers of positive integers up

to k−1. Following an idea due to Jacques Bernoulli, we are going to use the power of symbolic calculation

from a software package called “Mathematica” to explore a formula forSn(k):

Sn(k) =
1

n+1

n

∑
i=0

(
n+1

i

)
Bi kn+1−i ,

whereBi are the Bernoulli numbers.

∗Department of Mathematics, Tunghai University, Taichung 407, TAIWAN


